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Our main goal in this paper is to dene a ertain Chow weight struture
w
Chow
on the ategory DM

(S) of (onstrutible) dh-motives over an
equiharateristi sheme S. In ontrast to the previous papers of D. Hebert
and the rst author on weights for relative motives (with rational oef-
ients), we an ahieve our goal for motives with integral oeÆients
(if harS = 0; if harS = p > 0, then we onsider motives with Z[ 1
p
℄-
oeÆients). We prove that the properties of the Chow weight strutures
that were previously established for Q-linear motives an be arried over
to this \integral" ontext (and we generalize some of them using ertain
new methods). In this paper we mostly study the version of w
Chow
dened
via \gluing from strata"; this enables us to dene Chow weight strutures
for a wide lass of base shemes.
As a onsequene, we ertainly obtain ertain (Chow)-weight spetral
sequenes and ltrations on any (o)homology of motives.
Introdution
In this paper we onstrut ertain \weights" for R-linear motives over
a sheme S. Here S is an exellent nite-dimensional Noetherian sheme of
harateristi p (that an be 0) and R is a unital ommutative assoiative o-
eÆient ring; in the ase where p > 0, we require p to be invertible in R. These
weights are ompatible with Deligne's weights for onstrutible omplexes of
etale sheaves (see Remark 3.2.2(4) below).
Key words: Voevodsky motives, triangulated ategories, weight strutures, Deligne's
weights, dh-topology.
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Now we explain this in more detail. Deligne's weights for etale sheaves and
mixed Hodge strutures (and for the orresponding derived ategories) are
very important for modern algebrai geometry. So, lifting these weights to
motives is an important part of the so-alled Beilinson's (motivi) dream. The
\lassial" approah (due to Beilinson) to do this is to dene a ltration on
motives that would split Chow motives into their omponents orresponding to
single (o)homology groups (i.e., it should yield the so-alled Chow{Kunneth
deompositions). Sine the existene of Chow{Kunneth deompositions is very
muh onjetural, it is no wonder that this approah was not really suessful
(up to now); moreover, it annot work for R-linear motives if R is not a Q-al-
gebra.
In [3℄ an alternative method for dening weights for motives was proposed
and suessfully implemented. The so-alled Chow weight struture on the tri-
angulated ategory of Voevodsky motives DM
gm
(with integral oeÆients)
over a harateristi 0 eld was dened; the heart of this weight struture
is the \lassial" ategory of Chow motives. Now, arbitrary weight stru-
tures yield funtorial weight ltrations and weight spetral sequenes for any
(o)homologial funtor (from DM
gm
). These weight ltrations and spetral
sequenes generalize Deligne's ones; note that they are also well dened for any
(o)homology with integral oeÆients (this is a vast extension of the earlier
results of [14℄ on ohomology with ompat support)!
The next paper in this diretion was [4℄, where the Chow weight struture
for Z[1
p
℄-linear motives over a perfet eld of harateristi p was dened.
At the same time, the theory of Voevodsky triangulated motivi ategories
over any \more or less general" base sheme S was (in [10℄) developed to the
stage that the Chow weight struture for Beilinson motives over S (i.e., for
S-motives with rational oeÆients) ould be dened; independently, this was
done in [15℄ and in [7℄ (see Remark 2.3.3(2) below).
Our main goal in the urrent paper is to dene the Chow weight struture
on Z[1
p
℄-linear motives (and more generally, on R-linear motives for any Z[1
p
℄-
algebra R) over any exellent nite-dimensional Noetherian base sheme S of
harateristi p (here we set Z[1
p
℄ = Z if p = 0, and onsider dh-motives with
R-oeÆients that were denoted by DM
dh
(S;R) in [12℄). To ahieve this we
use the \gluing onstrution" of the Chow weight struture; this onstru-
tion was desribed (for Q-linear motives) in [7, §2.3℄ (whereas the method
was rst proposed in [3, §8.2℄). This requires some new methods for study-
ing morphisms between relative motives (in §1.3). We also note that all the
properties and appliations of the Chow weight struture desribed in [7℄ arry
over to our \integral" ontext. We apply some new arguments for studying the
weight-exatness of motivi funtors (in §2.2; following [8℄, we use Borel{Moore
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motives); they allow us to extend the orresponding results to not neessarily
quasiprojetive morphisms of base shemes.
Thus this paper gives onvenient tools for studying \integral" (and torsion)
weight phenomena for (equiharateristi) shemes and motives. In parti-
ular, we obtain funtorial \Chow-weight" ltrations and spetral sequenes
(see §3.2). Note still that we are able to prove that \expliit Chow motives"
over S yield a weight struture for S-motives (as in [15℄ and [7, §2.1℄) only if S
is a \pro-smooth limit" of shemes of nite type over a eld (see §2.3 and [17℄).
Finally, we note that one an (ertainly) onsider motivi ategories orre-
sponding to Grothendiek topologies distint from the dh one. In partiular,
a (not really \suessful") attempt was made in [6℄ to onstrut ertain Chow
weight strutures on relative Nisnevih motivi ategories (using their proper-
ties established in [10℄). Note yet that the Nisnevih motives are isomorphi to
the dh-ones over regular bases (see [12, Corollary 5.9℄); this is also expeted
to be true in general. On the other hand, though (R-linear) etale motivi ate-
gories (that were thoroughfully studied in [11℄) enjoy several \nie" properties,
there is no hane to dene w
Chow
for them unless Q ⊂ R, whereas in the latter
ase the relative motivi ategories mentioned \do not depend on the hoie
of a topology" (if we ompare dh, Nisnevih, etale, and h-motives).
The authors are deeply grateful to prof. F. Deglise for his very helpful expla-
nations. The rst author expresses his gratitude to Unite de mathematiques
pures et appliquees of

Eole normale superieure de Lyon for the wonderful
working onditions in January of 2015.
§1. Preliminaries
This setion is mostly a reolletion of basis on (relative dh)-motives and
weight strutures; yet the results of §1.3 and the methods of their proofs are
(more or less) new.
1.1. Notation.
• For ategories C, D we write D ⊂ C if D is a full subategory of C.
• For a ategory C and X;Y ∈ ObjC, we denote by C(X;Y ) the set of
C-morphisms from X to Y .
• An additive subategory D of C is said to be Karoubi-losed in it if
it ontains all retrats of its objets in C. The full subategory of C
whose objets are all retrats of objets of D (in C) will be alled the
Karoubi-losure of D in C.
• C will always denote some triangulated ategory; usually it will be
endowed with a weight struture w (see Denition 1.4.1 below).
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• For a set of objets C
i
∈ ObjC, i ∈ I, we denote by 〈C
i
|i ∈ I〉 the
smallest stritly full triangulated subategory of C ontaining all C
i
;
for D ⊂ C we write 〈D〉 instead of 〈ObjD〉. We all the Karoubi-
losure of 〈C
i
|i ∈ I〉 in C the triangulated ategory generated by C
i
(reall that it is triangulated indeed).
• For X;Y ∈ ObjC we write X ⊥ Y if C(X;Y ) = {0}. For D;E ⊂
ObjC we write D ⊥ E if X ⊥ Y for all X ∈ D, Y ∈ E. For D ⊂ C
we denote by D
⊥
the lass
{Y ∈ ObjC : X ⊥ Y ∀X ∈ D}:
Dually,
⊥
D is the lass {Y ∈ ObjC : Y ⊥ X ∀X ∈ D}.
• We say that some C
i
∈ ObjC, i ∈ I, weakly generate C if for X ∈
ObjC the ondition C(C
i
[j℄;X) = {0} for all i ∈ I; j ∈ Z implies
X = 0 (i.e., if {C
i
[j℄ : j ∈ Z}⊥ ontains only zero objets).
• M ∈ ObjC is said to be ompat if the funtor C(M;−) ommutes
with all small oproduts that exist in C (we shall only onsider om-
pat objets in those ategories that are losed with respet to arbi-
trary small oproduts).
• D ⊂ ObjC is said to be extension-stable if 0 ∈ D and for any distin-
guished triangle A→ B → C in C we have A;C ∈ D =⇒ B ∈ D.
• The smallest Karoubi-losed extension-stable sublass of ObjC on-
taining D is alled the envelope of D.
• Sometimes, we shall need ertain stratiations of a sheme S. Reall





, 1 6 ` 6
n, are pairwise disjoint loally losed subshemes of S. Omitting , we





→ S the orresponding immersions. We do not
demand the losure of eah S

`
to be the union of strata (though we
ould do this); we only assume that eah S

`





• Below we identify a Zariski point (of a sheme S) with the spetrum
of its residue eld.
• k is a prime eld, p = har k (p may be 0).
• All the shemes we onsider will be exellent, separated, Noetherian
k-shemes (i.e., harateristi p shemes) of nite Krull dimension (so,
a \sheme" will always mean a sheme of this sort).
• A variety over a eld F=k is a (separated) redued sheme of nite
type over SpeF .
• S
red
will denote the redued sheme assoiated with S.
• All morphisms of shemes onsidered below will be separated. They
will also mostly be of nite type.
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• Throughout the paper R will be some xed unital assoiative ommu-
tative algebra over Z[1
p
℄ (we set Z[1
p
℄ = Z if p = 0).
1.2. On dh-motives (after Cisinski and Deglise). We list some of the
properties of the triangulated ategories of dh-motives (those are ertain rela-
tive Voevodsky motives with R-oeÆients desribed by Cisinski and Deglise).
They are very muh similar to the properties of Beilinson motives (i.e., of Q-
linear ones) that were established in [10℄ (and applied in [15℄ and [7℄ for the
onstrution of the orresponding Chow weight strutures).
Theorem 1.2.1. Let X, Y be (Noetherian nite-dimensional exellent har-
ateristi p) shemes, and let f : X → Y be a (separated) morphism of nite
type.
(1) For any X, there exists a tensor triangulated R-linear ategory DM(X)
with a (well-dened) unit objet R
X
(in [12, Denition 1.5℄ this ate-
gory was denoted by DM
dh
(X;R)); it is losed with respet to arbitrary
small oproduts.
(2) The (full) subategory DM

(X) ⊂ DM(X) of ompat objets is ten-








(3) The following funtors are dened : f
∗
: DM(Y ) ⇆ DM(X) : f∗ and
f
!
: DM(X) ⇆ DM(Y ) : f ! for any f ; f∗ is left adjoint to f∗ and f!
is left adjoint to f
!
.
We all these the motivi image funtors. Any of them (when
f varies) yields a 2-funtor from the ategory of (separated nite-
dimensional exellent harateristi p) shemes with morphisms of -
nite type to the 2-ategory of triangulated ategories. Moreover, all
motivi image funtors preserve ompat objets (i.e., they an be re-
strited to the subategories DM

(−)); they also ommute with arbi-
trary (small) oproduts.




























(5) For any X there exists a Tate objet R(1) ∈ ObjDM

(X); tensoring
by it yields an exat Tate twist funtor −(1) on DM(X). This funtor
is an autoequivalene of DM(X); we will denote the inverse funtor by
−(−1). Tate twists ommute with all motivi image funtors mentioned
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(up to an isomorphism of funtors). Moreover, for X = P1(Y ) there































(−)(s)[2s℄ if f is smooth (everywhere)





(8) If i : S
′ → S is an immersion of regular shemes everywhere of odi-










(9) If i : Z → X is a losed immersion, U = X \ Z, and j : U → X is
the omplementary open immersion, then the motivi image funtors
yield a gluing datum for DM(−) (in the sense of [1, §1.4.3℄; see also
[3, Denition 8.2.1℄). This means that (in addition to the adjuntions










is isomorphi to the loalization
(funtor) of DM(X) by i∗(DM(Z)).













(M) an be uniquely om-
pleted to distinguished triangles (here the onneting morphisms








(d) All the adjuntion transformations i
∗











are isomorphisms of funtors.
(10) For the subategories DM

(−) ⊂ DM(−) an obvious analog of the
previous assertion is fullled.





























(12) If S is of nite type over a eld, then DM

(S) (as a triangulated
ategory) is generated by {g∗(RX)(r)}, where g : X → S runs through
all projetive morphisms suh that X is regular, r ∈ Z.
(13) Let a sheme S be the limit of an essentially aÆne (ltering) proje-
tive system of shemes S

(for  ∈ B). Then DM

(S) is isomorphi




); in this isomorphism all
the onneting funtors are given by the orresponding motivi inverse
image funtors (f. Remark 1.2.2(1) below).
(14) If S is smooth over k (or over any other perfet eld), then for b; ; r ∈





Proof. These statements an (mostly) be found in [12℄. Speially:
(1) [12, §1.6℄.
(2) Immediate from the denition of DM(−) given in [12, §1.5℄.
(3) [12, §1.6, Theorem 6.4℄.
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(4,5,6,7,9) [12, Proposition 4.3, Theorem 5.1℄ show that DM(−) is a motivi
triangulated ategory ; see [10, 2.4.45℄ for the denition and [10, 2.4.50℄ for a
list of properties that inludes the desired assertions.
(8) [12, Proposition 6.2℄.
(10) This is an easy onsequene of assertions 3 and 9; f. (the proof of)
Proposition 1.1.2(11) in [7℄.





are equivalenes of ate-
gories. Hene, their (right and left) adjoints f∗ and f! are also equivalenes.
(12) [12, Proposition 7.2℄.
(13) [12, Theorem 5.11℄.
(14) [12, Corollary 8.6, putting X = Spe k℄. 
Remark 1.2.2. 1. In [12℄ the funtor g
∗
was onstruted for any morphism g :
Y
′ → Y not neessarily of nite type; it preserves ompat objets (see §6.1(ii)







). Moreover, for any suh
















; f. part 4 of our theorem).





(in partiular, one an dene j
!
K
for the natural morphism j
K
: K → S
if K is a Zariski point of a sheme S; f. [1, §2.2.12℄); f ! preserves ompat







g∗ (for g of nite
type; see part 4 of our theorem one again); see [10, Proposition 4.3.14℄.






(this is a ertain Borel{Moore motif of X; f. [8℄, [13℄, and [18, §I.IV.2.4℄).












is the redued sheme assoiated with X). Moreover, for any (separated)
morphism g : Y












Lemma 1.2.3. Let S = ∪S
`
be a stratiation. Then the following statements
are valid.
(1) For any M;N ∈ ObjDM(S) there exists a ltration of DM(S)(M;N)











(a)[2a℄, N = R
S




are regular and onneted, then the fators of this ltration on






















(2) If g : S → Y is a morphism of nite type, then MBM
Y
(S) belongs to
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(3) Let Z ⊂ X be a losed subsheme, where X is a sheme of nite type
over S; denote by U ⊂ X the omplementary open subsheme. If Z
and X are regular, and Z is everywhere of odimension  in X, then
there is a distinguished triangle
z∗RZ(−)[−2℄→ x∗RX → u∗RU (1.1)
in DM(S), where z; x; u are the orresponding struture morphisms
(to S).
Proof. 1. The seond part of the assertion is a simple onsequene of the rst
(see Theorem 1.2.1(6,8)).
We prove the rst statement by indution on the number of strata. By
denition (see §1.1), S
1






. We denote S \S
1
by Z, the (open) immersion S

1
→ S by j and the
(losed) immersion Z → S by i.








Hene, there exists a (long) exat sequene
· · · → DM(S)(i∗i
∗




(M); N)→ : : :





















Now, by the indutive assumption the group DM(Z)(i∗(M); i!(N)) has a








(for ` 6= 1). This onludes the proof.
2. We use the same indution and notation as in the previous proof. Con-
















In order to omplete the indutive step, it suÆes to apply (the rst statement
in) Remark 1.2.2(2).
















j∗RU ) (see also part 6 of the








i∗RZ(−)[−2℄ (see part 8
of the theorem). Hene, the appliation of x∗ to this distinguished triangle
yields (1.1). 
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1.3. Some orthogonality lemmas. The following motivi statements are
very important for the urrent paper.






Proof. We stratify S as ∪
16`6nS` with all S` regular, aÆne, and onneted.


























+ r℄) = {0}:
Thus, it suÆes to prove the statement for strata. That is, we may assume
that S is regular and aÆne. Suh a sheme S an be presented as the inverse
limit of regular shemes of nite type over k (by the Popesu{Spivakovsky











()[2+r℄) = lim−→DM(S)(RS (b)[2b℄; RS ()[2+r℄) by Theorem 1.2.1(13).
In onlusion, we refer to part (14) of that theorem. 
Remark 1.3.2. This ontinuity argument along with [12, Corollary 8.6℄ also




(b)[2b + r℄) is isomorphi to the orresponding
higher Chow group of S, i.e., it an be omputed by using the Bloh or Suslin
omplex (of odimension b yles in S × −∗) with R-oeÆients if S is a
regular aÆne sheme. This result annot be generalized automatially to arbi-
trary (regular exellent nite-dimensional equiharateristi) shemes beause
(to the knowledge of the authors) the Mayer{Vietoris property is not known
for the higher Chow groups in this generality.
Lemma 1.3.3. Let X and Y be regular shemes, let x : X → S and y : Y → S





)(b)[2b℄ ⊥ y∗(RY )()[2 + r℄ if r > 0.
















y∗(RY )()[2 + r℄)
beause x
!
is left adjoint to x
!
.







y∗(RY )()[2 + r℄) = {0}:
We argue somewhat similarly to [8, §2.1℄. Let us make ertain redution steps.




→ S, where h is smooth of dimen-
sion q, f is an embedding, and S
′
is onneted, and onsider the orresponding












(the upper row is the base hange of the lower one to Y ). Then we have
x
!
















)()[2+ r℄ (by The-







)(q + )[2q + 2 + r℄. Hene, below we may assume that x is an
embedding (beause we an replae S by S
′
















shows that the group in question
is zero if Y lies over S \X (viewed as a set); see Theorem 1.2.1(1).
Applying Lemma 1.2.3(1), we see that it suÆes to verify the statement for
Y replaed by the omponents of some regular onneted stratiation.
Now, we an hoose a stratiation of this sort so that eah Y
`
lies either over
X or over S \X. Therefore, it suÆes to verify our assertion in the ase where
y fators through x. Moreover, sine x
!
x∗ is the identity funtor on DM(X)
(in this ase; see Theorem 1.2.1(9)), we may also assume that X = S. Next,
applying the adjuntion y









()[2 + r℄). Thus it
remains to apply the previous lemma. 
1.4. Weight strutures: short reminder. We reall some basis of the
theory of weight strutures.
Denition 1.4.1. (1) A pair of sublasses C
w60; Cw>0 ⊂ ObjC is said
to dene a weight struture w for C if these sublasses satisfy the
following onditions:
(a) C
w>0; Cw60 are Karoubi-losed in C (i.e., ontain all C-retrats
of their objets);
(b) semiinvariane with respet to translations:
C




(d) weight deompositions: for any M ∈ ObjC there exists a dis-
tinguished triangle
B →M → A
f
→ B[1℄
suh that A ∈ C
w>0[1℄; B ∈ Cw60.




Hw(Z; T ) = C(Z; T ) for Z; T ∈ C
w=0
, will be alled the heart of w.
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(3) C
w>i (respetively, Cw6i, respetively, Cw=i) will denote the lass
C
w>0[i℄ (respetively, Cw60[i℄, respetively, Cw=0[i℄). We denote Cw>i∩
C
w6j by C [i;j℄ (so it equals {0} for i > j).
(4) We say that (C;w) is bounded if ∪
i∈ZC
w6i = ObjC = ∪i∈ZCw>i.
(5) Let C and C
′
be triangulated ategories endowed with weight stru-
tures w and w
′
, respetively; let F : C → C ′ be an exat funtor. We
say that F is left weight-exat (with respet to w, w
′









weight-exat if it is both left and right weight-exat.
(6) Let H be a full subategory of a triangulated C. We say that H is
negative if ObjH ⊥ (∪
i>0
Obj(H[i℄)).
(7) We all a ategory
A
B
a fator of an additive ategory A by its (full)














Now we reall the properties of weight strutures that will be needed be-
low (and an easily be formulated). See [7℄ for the referenes to the proofs






in the setting of assertion 8 is given by
Proposition 3.3.4(1) of [21℄).
Proposition 1.4.2. Let C be a triangulated ategory.








⊂ ObjC) denes a weight struture for C if






) denes a weight struture for C
op
.









(3) Let w be a weight struture on C. Then C
w60, Cw>0, and Cw=0 are
extension-stable.
(4) Suppose that v, w are weight strutures for C; let C
v60 ⊂ Cw60 and
C
v>0 ⊂ Cw>0. Then v = w (i.e., the inlusions are identities).
(5) Assume that H ⊂ ObjC is negative and C is idempotent omplete.
Then there exists a unique weight struture w on the triangulated sub-
ategory T of C generated by H suh that H ⊂ T
w=0
. Its heart is the
envelope (see §1.1) of H in C; it is the idempotent ompletion of H if
H is additive.
(6) For the weight struture mentioned in the previous assertion, T
w60 is
the envelope of ∪
i60H[i℄; Tw>0 is the envelope of ∪i>0H[i℄.
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(7) Let C and D be triangulated ategories endowed with weight strutures
w and v, respetively. Let F : C ⇆ D : G be adjoint funtors. Then F
is left weight-exat if and only if G is right weight-exat.
(8) Let w be a weight struture for C; let D ⊂ C be a triangulated sub-
ategory of C. Suppose that w yields a weight struture for D (i.e.,
ObjD ∩C
w60 and ObjD ∩ Cw>0 give a weight struture for D).
Then w also indues a weight struture on C=D (the loalization, i.e.,
the Verdier quotient of C by D) in the following sense: the Karoubi-
losures of C
w60 and Cw>0 (viewed as lasses of objets of C=D) give a
weight struture w
′
for C=D (note that ObjC = ObjC=D). Moreover,
Hw
′




if w is bounded.
(9) Suppose that D ⊂ C is a full subategory of ompat objets endowed
with a bounded weight struture w
′
. Suppose that D weakly generates
C; let C admit arbitrary (small) oproduts. Then w
′
an be extended





→ E be a part of a gluing datum (see Theorem 1.2.1(9)).





, respetively) there exists a weight struture w on C suh
that both i∗ and j
∗
are weight-exat (with respet to the orresponding
weight strutures). Furthermore, the funtors i
!
and j∗ are right weight-




are left weight-exat. Moreover,
C






































then w is also bounded. Next, C




















); l > 0}).
(12) In the setting of assertion 10, the weight struture w desribed is the
only weight struture for C suh that both i∗ and j
∗
are weight-exat.
Remark 1.4.3. Part 8 of the proposition an be reformulated as follows. If
i∗ : D → C is an embedding of triangulated ategories that is weight-exat
(with respet to ertain weight strutures for D and C), and an exat funtor
j
∗
: C → E is equivalent to the loalization of C by i∗(D), then there exists a
unique weight struture w
′
for E suh that the funtor j
∗
is weight-exat. If
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§2. On the Chow weight strutures for relative motives
This is the main setion of our paper. We dene the Chow weight strutures
for relative motives by using the \gluing onstrution" and study their prop-
erties. We also prove that the heart of w
Chow
(S) onsists of ertain \Chow"
motives if S is a variety over a eld (or if it is \pro-smooth aÆne" over a
variety).
A substantial part of this setion is merely a \reombination" of (the or-
responding parts of) [7, §2℄; yet some of the arguments used in §2.2 are quite
new (and rather interesting).
2.1. The onstrution of the Chow weight struture. First, we de-








shall prove that they yield a weight struture for DM

(S) indeed. A reader in-
terested in ertain \motivation" for this onstrution is strongly reommended
to look at (the remarks in) [7, §2.3℄.
For a sheme X we denote by OP(X) (respetively, ON (X)) the envelope
(see §1.1) of p∗(RP )(s)[i + 2s℄(∼= M
BM
X
(P )(s)[i + 2s℄; see Remark 1.2.2(2))
in DM

(X); here p : P → X runs through all morphisms to X that an be
fatorized as g ◦ h, where h : P → X ′ is a smooth projetive morphism, X ′
is a regular sheme, g : X
′ → X is a nite universal homeomorphism, s ∈ Z,
whereas i > 0 (respetively, i 6 0). We denote OP(X) ∩ ON (X) by OZ(X).











) (see Remark 1.2.2(2)). Next, suppose that for
X
′








is regular. Then the
remark ited above immediately yields f
∗MBM
X
(P )(s)[2s℄ ∈ OZ(Y ).
Moreover, Theorem 1.2.1 shows that f
!MBM
X
(P )(s)[2s℄ ∈ OZ(Y ) if f in-
dues an immersion Y
′
red































are the orresponding nil-immersions.We may assume that

















→ P is an immersion of reg-
ular shemes of odimension . Then f
!MBM
X





















(s− )[2s− 2℄ ∈ OZ(Y ).
2. Certainly, for harX = 0 the universal homeomorphisms mentioned are
isomorphisms.
For a stratiation : S = ∪S
`
, 1 6 ` 6 n, we denote by OP() (respe-







); 1 6 ` 6 n}





(M) ∈ ON (S
`
); 1 6 ` 6 n}).















60 = ∪ON (); here  runs through all stratia-
tions of S.
Lemma 2.1.2.




→ S by j
`


























60) for all `.





>0 (respetively, M ∈ DM(S)w
Chow
60).





















>1 and N ∈ DM(S)w
Chow
60, there exists
a stratiation  of S suh that M ∈ OP()[1℄, N ∈ ON ().
Proof. 1. We use indution on the number of strata in Æ. The 2-funtoriality
of motivi upper image funtors yields that it suÆes to prove the statement
for Æ onsisting of two strata.
So, suppose S = U ∪ Z, U and Z are disjoint, and U 6= {0} is open in
S; we denote the immersions U → S and Z → S by j and i, respetively.
By the assumptions on M , there exist stratiations  of Z and  of U suh
that i
!
(M) ∈ OP() and j!(M) ∈ OP() (respetively, i∗(M) ∈ ON () and
j
∗
(M) ∈ ON ()).
We take the union of  and  and denote by  the stratiation of S obtained











if ` >  ; note
that in this way we indeed obtain a stratiation in our weak sense of this
notion; see §1.1). Then the 2-funtoriality of −! (respetively, of −∗) shows
that M ∈ OP() (respetively, M ∈ ON ()).
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2. We hoose a stratiation Æ ontaining V (as one of the strata). So, we
assume that V = S
Æ
v

























Hene the result follows from assertion 1.
3. By Remark 2.1.1(1), it suÆes to verify the following: if ,  are strat-









are (nite) sets of nite universal
homomorphisms, then there exists a ommon subdivision  of  and  suh

























→ Z are some nite universal homeomorphisms, then there exists












for all i and `.
We prove this by Noetherian indution. Suppose that the laim is true for
any proper losed subsheme Z
′





we an hoose a (suÆiently small) open nonempty subsheme Z
1
of Z suh









Next, apply the indutive assumption to the sheme Z
′















































for all ` > 1. 
Theorem 2.1.3.




















60) is the en-
velope of p∗(RP )(s)[2s + i℄ (respetively, of M
BM
S
(P )(s)[2s − i℄) for
s ∈ Z, i > 0, and p : P → S being the omposition of a smooth proje-
tive morphism with a nite universal homeomorphism whose domain
is regular and with an immersion.
(3) w
Chow





Proof. 1-2. We prove the statement by Noetherian indution. So, we suppose
that assertions 1 and 2 are fullled for all proper losed subshemes of S. We
prove them for S.








60) the envelopes mentioned




























>0 are Karoubi-losed in DM(S), and are semiinvariant with
respet to translations (in the orresponding sense).





















are indeed weight strutures, it suÆes to verify that
(i) the orthogonality axiom for w
Chow
is fullled;
(ii) any M ∈ ObjDM






Thus, these statements along with the boundedness of w
Chow
imply as-
sertion 1. Next, Proposition 1.4.2(4) shows that these two statements imply




(instead of that for w
Chow
).





60 andN ∈ DM(S)w
Chow
>1
we hek thatM ⊥ N . By Lemma 2.1.2(3), we may assume thatM ∈ ON (),
N ∈ OP()[1℄ for some stratiation  of S. Hene, it suÆes to prove that
ON () ⊥ OP()[1℄ for any , whih is an easy onsequene of Lemmas 1.3.3
and 1.2.3(1).
Now we verify (ii) along with the boundedness of w
′
Chow
. We hoose some
generi point K of S, denoting by K
p





the orresponding morphism. We x some M . By Theorem 1.2.1(12), there




, 1 6 i 6 n (we denote the orrespond-
ing morphisms P
i
→ Kp by p
i












Now we hoose a nite universal homeomorphism K
′ → K (i.e., a mor-
phism of spetra of elds orresponding to a nite purely inseparable ex-
tension) suh that the P
i
are dened (and are smooth projetive) over K
′
.












→ K ′ we have the following: j∗
K
′(M) belongs to the triangu-










Zariski's main theorem in Grothendiek's form, we an hoose a nite univer-
sal homeomorphism g from a regular sheme U
′
whose generi ber is K
′
to


















. Moreover, by Theorem 1.2.1(13), we an also assume that










)(s)[2s℄}. Then Theorem 1.2.1(11) shows that j∗(M) belongs to the
triangulated subategory D of DM
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Sine id
U









(U) (beause ON () ⊥ OP()[1℄ for any , as we have
proved). Therefore, by Proposition 1.4.2(5{6), there exists a weight struture
d for D suh that D


















>0 and Dd60 ⊂ DM(U)w′
Chow
60.
We denote S \ U by Z (Z may be empty); i : Z → S is the orrespond-






oiniding bounded weight strutures for DM

(Z).










(U). We an \re-








(see Proposition 1.4.2(10)), whereas M ∈ Obj(j∗−1(D)); here j∗
0
is the or-
responding restrition of j
∗









exat (with respet to the weight strutures mentioned). Therefore, there ex-
ists a weight deomposition B → M → A of M with respet to w′. More-









































>0; B;M [−n℄ ∈ DM(S)w′
Chow
60; here









(S), and, by Theorem 1.2.1(2)), DM

(S)
weakly generates DM(S), we see that Hw
Chow
weakly generates DM(S).
Hene the assertion follows immediately from assertion 1 and Propositi-
on 1.4.2(9). 
2.2. The main properties of w
Chow
(−). Now we study the (left and right)
weight-exatness of the motivi image funtors.
Theorem 2.2.1.
(1) The funtors −(b)[2b℄(= − ⊗ R
S
(b)[2b℄) are weight-exat with respet
to w
Chow
for all S and all b ∈ Z.
(2) Let f : X → Y be a (separated) morphism of nite type.
(a) The funtors f
!





























60 is the envelope of M
BM
S
(T )(b)[2b−r℄ for T run-






>0 is the envelope of t∗(RT )(b)[2b+ r℄ for t : T → S
running through all morphisms of nite type with regular do-
mains, b ∈ Z, r > 0.
(e) Next, the funtor g
∗
is right weight-exat if g is an arbitrary (sep-
arated, not neessarily of nite type) morphism of shemes. It is
weight-exat if g is either (i) a (ltering) projetive limit of smooth
morphisms suh that the orresponding onneting morphisms are








(U) is equivalent to the fator (in the sense of Deni-

















































(4) Let S = ∪S
`





→ S be the orrespond-
ing immersions. Then forM ∈ ObjDM







>0 (respetively, M ∈ DM(S)w
Chow

































Proof. 1. Immediate from Theorem 2.1.3(2).
2. Let f be an immersion. Then the desription of w
Chow
(−) given by The-
orem 2.1.3(2) implies that f∗ is left weight-exat and f! is right weight-exat.
Hene, the orresponding adjuntions show (by Proposition 1.4.2(7)) that f
!
is left weight-exat and f
∗
is right weight-exat.
If f is smooth, using Theorem 2.1.3(2) (along with Theorem 1.2.1(4)), we
easily see that f
∗
is left weight-exat and f
!
is right weight-exat (beause
shemes that are smooth over regular bases are regular themselves). Hene,
part 7 of the theorem (along with assertion 1) implies that both of these
funtors are weight-exat (so, we obtain assertion 2b). Next, adjuntions show
(by part (7) of Proposition 1.4.2) that f
!
is left weight-exat and f∗ is right
weight-exat.
Thus assertion 2a is valid for any quasiprojetive f (beause suh an f
an be presented as the omposition of a losed immersion with a smooth
morphism).
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Now we verify assertion 2. Let S
red
be a regular sheme; denote by v the
anonial immersion S
red
















by Theorem 1.2.1(11), we obtain the result.
Now we are able to prove assertion 2d. First, we observe (using Theo-







>0 are sublasses of
the orresponding envelopes. So, we must verify the reverse inlusions. Note
that any exellent Noetherian sheme admits a stratiation the redutions
of whose omponents are regular. Hene, by Lemma 1.2.3(2), it suÆes to
hek the following: if T is a regular sheme of nite type over S, b ∈ Z, and
r > 0, then MBM
S











>0. Applying the lemma one again, we redue the rst of these
inlusion statements to the ase where T is quasiprojetive over S (beause
any sheme of nite type over S possesses a stratiation whose omponents
are quasiprojetive over S). Similarly, part 3 of the lemma allows us to assume
that T is (regular and) quasiprojetive over S in the seond of these inlusion









2 of our Theorem), and apply our assertion 1 along with assertion 2a (for the
quasiprojetive morphism t).
Now we return to the proof of assertion 2a for a general f (of nite type).
Assertion 2d immediately yields the left weight-exatness of f
!
. Along with





and f∗ are right weight-exat by Proposition 1.4.2(7).
The rst statement in assertion 2e (also) easily follows from assertion 2d
(along with Remark 1.2.2(2)). Assertion 2d (along with Remark 1.2.2(1)) also
implies the weight-exatness of g
∗
in ase (i) (beause pro-smooth limits of





if g is a nite universal homeomor-






in this ase, the funtor i∗ is weight-exat by assertion 2a.
The funtor j
∗
is weight-exat by assertion 2b.
a) DM

(U) is the loalization of DM

(X) by i∗(DM(Z)) by Theorem
1.2.1(10). Hene, Proposition 1.4.2(8) yields the result (see Remark 1.4.3; f.
also [22, Theorem 1.7℄).
b) Theorem 1.2.1(10) shows that w
Chow
(X) is exatly the weight struture




(U)" via Proposition 1.4.2(10) (here






4. The assertion an easily be proved by indution on the number of strata,
by using assertion 3b.
5. Immediate from assertion 2. 
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Remark 2.2.2. 1. Theorem 2.1.3(2) and assertion 2d of the previous the-








ertain envelopes. It follows that, instead of all T onsidered in the assertion
mentioned, it suÆes to take only those T that are quasiprojetive over S.










(X × Y ), where X and Y are any
shemes of nite type over S (note that lo. it. itself gives this statement



















) an be \heked at points"; this is a motivi analog of [1,
§5.1.8℄.
Proposition 2.2.3. Let S denote the set of (Zariski) points of S; for K ∈ S








60 (respetively,M ∈ DM(S)w
Chow
>0) if and only
















>0); see Remark 1.2.2(1).





60 (respetively, M ∈ DM(S)w
Chow
>0) then


















We prove the reverse impliation by Noetherian indution. So, suppose that
our assumption is true for motives over any losed subsheme of S, and that
for some M ∈ ObjDM


















>0) for any K ∈ S.





60 (respetively, M ∈ DM(S)w
Chow
>0).











6−1), and any h ∈ DM(S)(M;N)
(respetively, any h ∈ DM

(S)(N;M)) we have h = 0. We x some N and h.





















(h) = 0. By Theorem 1.2.1(13) we see that j
∗
(h) = 0 for some open
embedding j : U → S, where K is a generi point of U .
Now suppose that h 6= 0; let i : Z → S be the losed embedding that is om-









































>0) by the in-
dutive assumption. The ontradition obtained proves our assertion. 
Finally, we prove that \weights are ontinuous".
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Lemma 2.2.4. Let K be a generi point of S; denote the morphism K → S by
j
K
. LetM be an objet of DM


















60). Then there exists an open immersion























a weight deomposition ofM [1℄: B
g











(M)[1℄); hene (by Theorem 1.2.1(13)), there
exists an open immersion j : U → S (K ∈ U) suh that j∗(g) = 0. Thus
j
∗















>0 is Karoubi-losed in DM(U), we obtain the
result.













via Chow motives. Now we prove that for some
S the heart of w
Chow
(S) has quite an \expliit" desription in terms of ertain
Chow motives over S (whene the name).
Remark 2.3.1. For a sheme S, dene the ategory Chow(S) of Chow motives
over S as the Karoubi-losure of {MBM
S
(X)(r)[2r℄} = {f∗(RX)(r)[2r℄} in
DM

(S); here f : X → S runs through all proper morphisms suh that X is
regular, r ∈ Z.
Then Theorem 2.2.1(2,2a) yields Chow(S) ⊂ Hw
Chow
(S).
Now we prove that in some ases the last embedding is an equivalene of
ategories.
Proposition 2.3.2. Assume that S an be presented as a ltered (projetive)
limit of varieties over some (not neessarily prime) eld with smooth and aÆne
transition morphisms. Then Chow(S) = Hw
Chow
(S).
Proof. Sine Chow(S) ⊂ Hw
Chow
(S), it is negative (by the orthogonality ax-
iom for weight strutures). Hene, Proposition 1.4.2(5) yields the existene of
a weight struture w on the triangulated subategory T of DM

(S) generated
by Chow(S) suh that Chow(S)
∼
=
Hw. Next, parts 3 and 6 of the proposition
show that the embedding of T into DM

(S) is weight-exat (with respet to
w and w
Chow
). Hene, part 4 of the proposition redues the assertion to the
fat that T = DM

(S), i.e., that Chow(S) generates DM

(S).
By Theorem 1.2.1(12) the last statement is true if S is a variety itself.
Hene, it remains to pass to the (\pro-smooth aÆne") limit in this statement.
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By ontinuity (Theorem 1.2.1(13)), to ahieve this, it suÆes to note that
pro-smooth aÆne morphisms respet Chow motives, whih is immediate from
Remark 1.2.2(2) (along with the fat that pro-smooth base hange preserves
the regularity of shemes). 
Remark 2.3.3. 1. This argument also shows that we ould have onsidered
only projetive (regular) X=S in the denition of Chow(S); we would have ob-
tained the same ategory Chow(S) (at least) when S is as in Proposition 2.3.2.
2. Atually, the negativity of Chow(S) in DM

(S) (for the \projetive ver-
sion" of the denition) follows immediately from Lemma 1.3.3. Thus, we ould
have dened the orresponding \restrition" of w
Chow
(on a full subategory
of DM

(S)) without any gluing arguments. Next, restriting ourselves to the
ase where DM

(S) is \Chow-generated", we ould easily apply the argu-
ments used in the proof of Theorem 2.2.1 to this version of the Chow weight
struture. This is (basially) the approah to the study of the Chow weight
strutures used in [15℄ and [7, §2.1{2.2℄ (yet some of the methods used in the
proof of Theorem 2.2.1 are \newer"; they were developed in [8℄ and in the
urrent paper).
We hose not to apply this approah in the urrent paper beause the lass
of base shemes for whih we an use it is too small. The reason for this is that
for Q-linear motives one only needs ertain alterations for the orresponding
analog of Theorem 1.2.1(12) (f. [10, §4.1℄), whereas for Z[1
p
℄-linear motives
one requires the so-alled prime-to-l alterations (for all primes l 6= p; f. the
proof of [12, Proposition 7.2℄), whose existene is only known in the ontext
the ited assertion.
3. Certainly, our proposition does not give a \full desription" ofHw
Chow
(S)
beause we have not \omputed the morphisms" in Chow(S). We note that













℄) in terms of ertain (Borel{
Moore) motivi homology groups; here r; s; r
′
; s
′ ∈ Z, andX andX ′ are regular
shemes that are projetive over S (whereas S is \pro-smooth aÆne" over a
variety). Thus, we an ompute a \substantial part" of morphism groups in
Chow(S). Yet omputing the omposition operation for Chow(S)-morphisms
is a muh more diÆult problem; for R = Q it was reently solved in [17℄.
§3. Appliations to (o)homology of motives and other matters
In this setion we desribe some immediate appliations of our results (fol-
lowing [7℄; so a reader well aquainted with [7℄ may skip this setion ompletely
or merely have a look at Proposition 3.2.3). Most of the statements below eas-
ily follow from the results of [3℄; there is absolutely no problem to apply the
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orresponding arguments from [7, §3℄ (where the ase of R = Q was onsid-
ered) for their proofs. The results seem to be \more interesting" in the ase
where S is a pro-smooth aÆne limit of varieties (f. Proposition 2.3.2).
3.1. The weight omplex funtor and the Grothendiek group for
DM

(S). We note that the weight omplex funtor (whose \rst anestor"








(S)) fators through a er-








(2) For M ∈ ObjDM

















(S)) and dene a ertain Euler harateristi for
shemes that are of nite type (and separated) over S.
Proposition 3.1.2.




(S)) as the Abelian group whose generators are























take similar generators and set [B℄ = [A℄ + [C℄ if A→ B → C → A[1℄
is a distinguished triangle.

















(2) For the orrespondene  : X 7→ [MBM
S
(X)℄ from the lass of shemes












have (X \ Z) = (X)− (Z) if Z is a losed subsheme of X.
3.2. On Chow-weight spetral sequenes and ltrations. Now we dis-
uss (Chow)-weight spetral sequenes and ltrations for ohomology of mo-
tives. Certainly, here one an pass to homology via obvious dualization (see
Proposition 1.4.2(1)). We note that any weight struture yields ertain weight
spetral sequenes for any (o)homology theory; the main distintion of the re-
sult below from the general ase (i.e., from [3, Theorem 2.4.2℄) is that T (H;M)
always onverges (beause w
Chow
is bounded).
Proposition 3.2.1. Let A be an Abelian ategory.
(1) Let H : DM

(S) → A be a ohomologial funtor ; for any r ∈ Z
denote H ◦ [−r℄ by Hr. For M ∈ ObjDM

(S), we denote by (M
i
)









; here we an take any
possible hoie of t
S
(M)).
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Then the following statements are valid.














(b) T (H;M) is DM

(S)-funtorial in M (and does not depend on
any hoies) starting with E
2
.
(2) Let G : DM

(S) → A be any ontravariant funtor. Then for any
m ∈ Z the objet (WmG)(M) = Im(G(w
Chow;>mM) → G(M)) does
not depend on the hoie of w
Chow;>mM ; it is funtorial in M .
We all the ltration of G(M) by (W
m
G)(M) its Chow-weight l-
tration. If G is ohomologial, it oinides with the ltration given by
T (G;M).
Remark 3.2.2. 1. We obtain ertain (\motivially funtorial") Chow-weight
spetral sequenes and ltrations for any (o)homology of motives. In par-
tiular, we have them for etale and motivi ohomology of S-motives (with
oeÆients in an R-algebra). The orresponding funtoriality results annot
be proved by using \lassial" (i.e., Deligne's) methods, beause they heavily
rely on the degeneration of (an analog of) T at E
2
.
On the other hand, we probably do not have the \strit funtoriality" prop-
erty for this ltration unless T (H;M) degenerates for any M ∈ ObjDM

(S)
(see [5, Proposition 3.1.2(II)℄), whereas this degeneration is only known for
\more or less lassial" Q-linear ohomology theories.
2. T (H;M) an be desribed naturally in terms of the virtual t-trunations
of H (starting from E
2
); see [3, §2.5℄ and [7℄.
3. For S being a pro-smooth aÆne limit of varieties (f. §2.3), we see that
the (o)homology of anyM ∈ ObjDM

(S) possesses a ltration by subfators
of (o)homology of regular projetive S-shemes.
4. The arguments in [11, §7.2℄ easily yield (for R ⊂ Q, p 6= l ∈ P) the
existene of a (ovariant) etale realization funtor from DM

(S) into the or-
responding ategory of Ekedahl's (etale, onstrutible) Q
l
-adi systems.
Note next that if S is a variety over k, then for p > 0 the target ategory
is endowed with a ertain weight ltration (that was dened in [1, §5℄); for
p = 0 one an fator the realization funtor mentioned through a ertain ate-
gory endowed with ertain \weights" also (as was dened by A. Huber; see [9,
Proposition 2.5.1℄). Moreover (see lo. it.), in both ases the orresponding
funtors \respet weights". So, we see that w
Chow
is losely related to Deligne's
weights for onstrutible omplexes of sheaves (that were also ruial for den-
ing \weights" in [16℄). Yet (as was explained in [9, Remark 2.5.2℄) the weight
ltrations on the \etale ategories" mentioned do not yield weight strutures
for them.
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The funtoriality of Chow-weight ltrations has quite interesting onse-
quenes.
Proposition 3.2.3. For a sheme X, let H : DM

(X)→ A be a ontravari-













(1) The following statements are valid:
(a) G(N) is DM

(U)-funtorial in N ;


















the following is true.









(M)→M oming from the adjuntion j
!
⊣ j! = j∗).
(b) Let H = DM





Im(DM(X)(M;H) → DM(U)(N; j∗(H))).




(N)) yields the \integral
part" of H(j
!




(N)) that \omes from







in general; f. [2℄ and [20℄. If N =MBM (T
U
) for a reg-
ular T
U





suh a \nie X-lift" for N . Next, in the setting of assertion 2b one an take H
representing etale or motivi ohomology (for an appropriate hoie of oeÆ-




(H)) is the orresponding
ohomology of Y for any f : Y → X); then G(N) will be the image of this
ohomology of T
X
in the one of T
U
.
In this ase one an also study the ohomology of an objet N
K
of Chow(K)






), where K is some generi point of X.
Indeed, any suh N
K
an be lifted to a Chow motif N over some U (K ∈ U , U
is open in X) by Remark 1.2.2(2) ombined with Theorem 1.2.1(13) (beause
if N
K








along with this retration an be lifted to a regular T
U
over some open U ⊂ X
that ontains K). Note that this onstrution enjoys \the usual" Chow(K)-
funtoriality; this is an easy onsequene of Theorem 1.2.1(13).






(N)) for l < 0.
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